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Introduction

Introduction

@ P: a finite set of propositions;
e peP;
@ : the original formula;

@ : a result of forgetting p in ¢, i.e., the strongest
consequence of ¢ without p:
© + does not contain p;

@ For any query ) which does not contain p, ¢ =7 iff ¥ = 7.
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@ : a result of forgetting p in ¢, i.e., the strongest
consequence of ¢ without p:
© + does not contain p;

@ For any query ) which does not contain p, ¢ =7 iff ¥ = 7.

@ 1: the uniform interpolant of ¢ on P\ {p}.
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Introduction

Introduction

@ P: a finite set of propositions;
e peP;
@ : the original formula;

@ : a result of forgetting p in ¢, i.e., the strongest
consequence of ¢ without p:

© + does not contain p;
@ For any query ) which does not contain p, ¢ =7 iff ¥ = 7.

@ 1: the uniform interpolant of ¢ on P\ {p}.

How to compute 97?
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Introduction

A brute-force approach to propositional logic

@ Transform ¢ into an equivalent principal DNF \/, 4 ¢;
@ Obtain tP by eliminating any occurrence of p or —p;

© V,co 1P is a result of forgetting p in .
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Introduction

A brute-force approach to propositional logic

@ Transform ¢ into an equivalent principal DNF \/, 4 ¢;

@ Obtain tP by eliminating any occurrence of p or —p;

© V,co 1P is a result of forgetting p in .

o o=((pPAq)V(mpA-T);

@ 9= (PAGAT)V(PAGA-T)V(ZpAGA-T)V (mpA—=gA=T);

@ = (qgAr)V(gA-r)V (-gA-r).
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Introduction

A brute-force approach to propositional logic

@ Transform ¢ into an equivalent principal DNF \/, 4 ¢;
@ Obtain tP by eliminating any occurrence of p or —p;

© V,co 1P is a result of forgetting p in .

o o=((pPAq)V(mpA-T);

@ 9= (PAGAT)V(PAGA-T)V(ZpAGA-T)V (mpA—=gA=T);

@ = (qgAr)V(gA-r)V (-gA-r).

How about multi-agent modal logics?

@ Modal logic: propositional logic + K; operators;

o K;p: agent i knows ¢.
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Preliminaries

Modal language: L&

Definition (Syntax of LX)

pu=p|p|pAe|Kip|Cep,

where p € P, i € A, and ¢ € LE.
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Preliminaries

Modal language: L&

Definition (Syntax of LX)

where p € P, i € A, and ¢ € LE.

Definition (Two sublanguages)

(1] [,}f: [,Ié without C operator;

Q Egc: EIé with propositional common knowledge, i.e., any ¢
appearing in Cy must be propositional.
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Preliminaries

Kripke models

Definition (Kripke models)
A Kripke model is a tuple (S, R, V') where
@ S: a non-empty set of states,
@ R: foreachic A, R; C S x S is a relation on states.

e V: S — 2% is a function assigning to each proposition in a
subset of states.

A pair (M, s) is called a pointed model.

Liangda Fang] 3, Yongmei Liu! and Hans van Ditmarsch?



Preliminaries
Kripke models

Definition (Kripke models)

A Kripke model is a tuple (S, R, V') where
@ S: a non-empty set of states,
@ R: foreachic A, R; C S x S is a relation on states.

e V: S — 2% is a function assigning to each proposition in a
subset of states.

A pair (M, s) is called a pointed model.

L K| D|T]|K4|S4 | K4s | KD45 | S5
Serial v | Vv v v v
Reflexive v v v
Transitive vV IV v v v
Euclidean v v v
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Preliminaries

Cover modalites

Definition (Cover modalities)
O Vi® =Ki(V, e0 ©) A N peo Kii
@ V& =C(V,eo9) N Ayeo Co-
where K; = —=K;— and C = ~C~.

We can use V; (resp. V) modality instead of K; (resp. C)
modality.
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Preliminaries

Canonical formulas

Definition (Canonical formulas)

Let P C P be finite. We inductively define the set E,f as follows:
° B¢ ={A\pcx PN Npepra P | X C P}
o El 1 ={00 A Nijey Vi®i | b0 € Ef and @; C E['}.

O € Ey:
@ completely characterizes a Kripke model up to depth k;

@ a minterm in modal logics.
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Preliminaries

Canonical formulas

/\
Qrihg

p.—q [1 tz -,

O A @ pAgAVi{pAg P A
/X /\ @ pAgA

Vi{p AN=q ANVi{p ANq,p A =gIA
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P4 pog P D i 1

Figure: Kripke model
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Preliminaries

Canonical formulas

Proposition (Moss, 2007)

Any formula in LX can be equivalently transformed into a
disjunction of satisfiable canonical formulas.
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Forgetting

© Forgetting
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Forgetting

Computation of forgetting

@ Transform ¢ to a disjunction of satisfiable canonical formulas

Visea 0

@ Obtain P by eliminating any occurrence of p or —p;

© Vscq 07 is a result of forgetting p in .
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Forgetting

Computation of forgetting

@ Transform ¢ to a disjunction of satisfiable canonical formulas

Visea 0

@ Obtain P by eliminating any occurrence of p or —p;

© Vscq 07 is a result of forgetting p in .

P = Kip A K;—p;

@ =01V 0o,

61 = p A Vi{p,p}
o2 = —p A Vi{p, ~p};
FVE=TAVA{T}=K,T. )@
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Forgetting

Main theorem

Let L be K,, D,, T,, K4b,,, KD45, or S5,,.
Let & be a canonical formula satisfiable in L.
Then, 6P is a result of forgetting p in §.
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Forgetting

Main theorem

Let L be K,, D,, T,, K4b,,, KD45, or S5,,.
Let & be a canonical formula satisfiable in L.
Then, 6P is a result of forgetting p in §.

Kn, Dn, Tn, K45, KD45,, and S5, are closed under forgetting.
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Forgetting

Main theorem

Definition (Uniform interpolation)

A logic L has uniform interpolation: In the logic L, for any formula
 and any proposition p, there is a formula ¢ that is a uniform

interpolant of ¢ on P\ p.
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Forgetting

Main theorem

Definition (Uniform interpolation)

A logic L has uniform interpolation: In the logic L, for any formula
 and any proposition p, there is a formula ¢ that is a uniform

interpolant of ¢ on P\ p.

Kn, Dn, Th, K45, KD45,, and S5, have uniform interpolation.
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Forgetting

Common knowledge case

@ Negative result: KC is not closed under forgetting. [Studer,
2009]

@ We consider the propositional common knowledge case, i.e.,
EEC where any ¢ appearing in Cp must be propositional.

Liangda Fang] 3, Yongmei Liu! and Hans van Ditmarsch?



Forgetting

Pc-canonical formulas

Definition (Pc-canonical formulas)

Let P C P be finite. We inductively define the set C,f as follows:
o Ol ={0AVP4|0€El and @4 C EFY;
° Ciy ={0A (NicaVi®i) ANV |0 € E, @; C
C¥ and ®4 C EL}.
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Forgetting

Pc-canonical formulas

Definition (Pc-canonical formulas)
Let P C P be finite. We inductively define the set C,f as follows:
0o CV={0ANVDP4|0€EEF and &4 C EL'};
o CEL={0AN(NicaVi®i) NVP4 |0 € Ef, ®; C
C¥ and ®4 C EL}.

Any formula in Egc can be equivalently transformed into a
disjunction of satisfiable pc-canonical formulas.
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Forgetting
Main theorem 2

Let L be KC, DC, TC, K45C, KD45C or S5C.
Let § be a pc-canonical formula satisfiable in L.
Then, 0P is a result of forgetting p in §.

KPC, DPC, TPC, K45PC, KD45PC and S5PC are closed under
forgetting, and have uniform interpolation.

. 3 .y . 2
Liangda Fang] 2, Yongmei Liu! and Hans van Ditmarsch?



Conclusions and future work

Conclusions

@ Prove that K,, D,, T,, K45,, KD45,, and S5, are closed
under forgetting.

@ Extend the above results to propositional common knowledge
case.
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Conclusions and future work
Current Results

L [ K[ D] T [K4[S4][Ka5]|KD45][ S5
CKANVITVTI Vs [ [ x] v v V3
LR DATVTIV3S X[ X2 v v |3
LB v v ] v |x¥|x] v v |V
£LE [ x6 ] 2 SRS ? ?

@ [Ghilardi, 1995]

@ [Ghilardi and Zawadowski, 1995]
© [Wolter, F., 1998]

QO [D’Agostino and Lenzi, 2005]

@ [Bilkova, 2007]

O [Studer, 2009]

@ [Pattinson, 2013]
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Conclusions and future work

Future work

@ A practical approach for computing forgetting;
o Identify a tractable form (DNF counterpart of modal logics);

o Resolution methods: [Herzig and Mengin, 2008].
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Conclusions and future work

Future work

@ A practical approach for computing forgetting;
o Identify a tractable form (DNF counterpart of modal logics);

o Resolution methods: [Herzig and Mengin, 2008].

@ More general cases of common knowledge: any ¢ appearing in Cyp
can be in £X;
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Conclusions and future work

Future work

@ A practical approach for computing forgetting;
o Identify a tractable form (DNF counterpart of modal logics);

o Resolution methods: [Herzig and Mengin, 2008].

@ More general cases of common knowledge: any ¢ appearing in Cyp
can be in £X;

@ Distributed knowledge: the sum of the knowledge in a group
o KD, DD and TDZ \/;
e K45p, KD45p and Shp: 7
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Conclusions and future work

Future work

@ A practical approach for computing forgetting;
o Identify a tractable form (DNF counterpart of modal logics);

o Resolution methods: [Herzig and Mengin, 2008].

@ More general cases of common knowledge: any ¢ appearing in Cyp
can be in £X;

@ Distributed knowledge: the sum of the knowledge in a group
o KD, DD and TDZ \/;
e K45p, KD45p and Shp: 7

© Monotone Modal Logic: K;(p A q) — K;p
e M: v [Santocanale and Venema, 2010];

e M extended by classical axioms: ?.
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Conclusions and future work

Future work

@ A practical approach for computing forgetting;
o Identify a tractable form (DNF counterpart of modal logics);

o Resolution methods: [Herzig and Mengin, 2008].

@ More general cases of common knowledge: any ¢ appearing in Cyp
can be in £X;

@ Distributed knowledge: the sum of the knowledge in a group
e Kp, Dp and Tp: v;
e K45p, KD45p and Shp: 7
© Monotone Modal Logic: K;(p A q) — K;p
e M: v [Santocanale and Venema, 2010];
e M extended by classical axioms: ?.
© Progression and diagnose in multi-agent settings.

o Progression in the Situation Calculus: [Fang, et al., 2015];
o Diagnose in propositional logic: [Lin, 2001] and [Lang, 2008].
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Conclusions and future work

Thank you!
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© Proof
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Model-theoretic definition of forgetting

Consider the context of a modal system L. Let ¢ € Elé. We call 9 is the
result of forgetting p from ¢, if the following conditions hold:

@ Forth: for any model (M, s) of ¢, if (M, s') is a model s.t.
(M, 5)&,(M’,s"), then M',s" |= 1); (Easy: by induction)

@ Back: for any model (M, s") of ¢, there exists a model (M, s) s.t
M,s = ¢ and (M, s)&2,(M',s"). (Very difficult!)

@ v
<y
]
M h=g) M s
1251 191 .-
<
]
"’ «, Voer
2553 M',,s",

Liangda Fang , Yongmei Liu! and Hans van Ditmarsch?



Proof of back condition

(M',s"): an L-model of §?;
Construct (M, s) s.t.
Q@ (M,s) is an L-model;
Q M,skEy;
(3] (M,s)ﬁp(M’,s’).

e ) € Ey:
@ Let (M, s) be the copy (M, s').
@ Modify the valuation on s s.t. V'(s') 4.

0€ Epy1: 6=0AN /\ieA V;®;. By induction?
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K. and D,: by induction

o= ‘50 /\Vj{??p??z}

Figure: lllustration for the proof of K,, and D,, cases
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T,: add reflexive edge

M's' &7 0 =0,AV {n,n,} M,s

Figure: Illustration for the proof of T, case
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K45, and KD45,: multi-pointed models

5 =8, AV 8,83 AV (6,.5,)
Sl____________,,,,,,,,,,, 777777777777777777777777 )

i/ i /] J
{67.67) {87,673 | {6,,6,) N 165,60

N | [ D
Qr/q—Q2< bf'S‘ t.: dl;bt. J:”_“JJ ‘_‘{4

1

Figure: Illustration for the proof of K45, and KD45, cases
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K45, and KD45,: multi-pointed models

R(5) 16,9,

51P®1i+t@5§’ O Hr

W | R
R'j(['l) R'j(['z) ZMJ Tr,m,k Tt,i,,;z,-j I;ri.v"rk
R (t')] R (1)

Figure: Illustration for the proof of K45, and KD45, cases
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S5,: add reflexive and symmetric edges

/1IN N
(67,67 worenl| 16,8y, [ N T (6.4

£ e JoNgL G
aJIqu_I Eéd . ’T'S‘J N '

Figure: Illustration for the proof of S5, case
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S5,: add reflexive and symmetric edges

v |
R' ()| |R' (1) L 1L,
Ruk(tvl) le(llz)

-
bl I
o~

- I
AN

=/ I

S

Figure: Illustration for the proof of S5, case
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Extension to L5 split a world into several copies

5?7 0 =0,AV{0,,6,,0,,6,}

Figure: lllustration for the proof of KPC basic case
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