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Introduction and Background
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Modal logics of knowledge and belief

' ::= p | Bi' | ¬' | '1 ^ '2

M, s |= Bi� , 8t ⇠i s M, t |= �

Dual: B̂i� ⌘ ¬Bi¬�

M = (S,⇠1, . . . ,⇠n, V ) ⇠i accessibility rel. over S

If we want to model knowledge rather than belief we

assume that each ⇠i is a equivalence relation.
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Moore sentences

•pt
b •¬p

s

•pt

�

M |�, s |= ¬�

� = p ^ ¬Bbp



Lies

• Dimensions:

• Who is the lier: one of the agents in the system, or an outsider?

• Who are being lied to (and what do the others know about that)?

• What are the agents’ attitudes to possible lies?

• Credulous agents: believe everything

• Skeptical agents: believe everything consistent with their existing 
beliefs

• ...



Lies

• Here:

• Two cases: one of the agents in the system + outside observer

• Credulous/skeptical agents

• Public lie, to all other agents

• Private lies



Public true lies from the outside
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Untruthful announcements: link-cutting semantics

•ps
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// •¬p

t
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¬p

Update obtained 
by removing links 
going into states 

where the 
announcement is 

false

M :
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Unbelievable lie

¬q

M : •p,qs

a

��oo

a
// •¬p,q

t

a

��

M |¬q:

•p,qs •¬p,q
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M |�, s |= ¬
W

i2Ag Bi?
, M, s |=

V
i2Ag B̂i�

Believable lie:
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Models of lying

Already seen:
- reflexivity is not preserved under lying
- seriality preserved only for believable lies

•s
a //

a

��
•t

a // •u

Preservation of transitivity:

Preservation of Euclidicity: •s

a
~~

a

!!
•t

a

''
•u

a

gg

Models of lying 
are K45 models, 

or KD45 models if 
we only allow 
believable lies
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inconsistent
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Self-refuting truth: 8M, s M, s |= � ) M |�, s |= ¬�
True lie: 8M, s M, s |= ¬� ) M |�, s |= �
Successful formula: 8M, s M, s |= � ) M |�, s |= �
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• Unsuccessful

• Self-refuting

� = p ^ ¬Bbp



Syntactic characterisation of true lies

• Exactly which formulae are (believable) true lies?

• We give a syntactic characterisation of believable true lies for the single-agent 
case

• The technique is based on Holliday and Icard (AiML 2010), who characterise 
the unsuccessful and self-refuting formulas (also in the single-agent case)



Characterisation: preliminaries
Every KD45 formula is equivalent to one on normal form: a disjunction of

conjunctions of the form

� = ↵ ^⇤�1 ^ . . . ^⇤�n ^ ⌃�1 ^ . . . ^ ⌃�m

where ↵ and �i are conjunctions of literals and �i is a disjunction of literals.



Characterisation: preliminaries

Clarity (Holliday and Icard) Given a conjunction or disjunction � of lit-

erals, L(�) denotes the set of literals. L(�) is open i↵ no literal in L(�) is the

negation of any other. A conjunction � = ↵^⇤�1 ^ . . .^⇤�n ^⌃�1 ^ . . .^⌃�m
on normal form is clear i↵ (i) L(↵) is open; (ii) there is an open set of liter-

als {l1, . . . , ln} with li 2 L(�i); and (iii) for every �k there is a set of literals

{l1, . . . , ln} with li 2 L(�i) such that {l1, . . . , ln}[L(�k) is open. A disjunction

on normal form is clear i↵ at least one of the disjuncts are clear.

Every KD45 formula is equivalent to one on normal form: a disjunction of

conjunctions of the form

� = ↵ ^⇤�1 ^ . . . ^⇤�n ^ ⌃�1 ^ . . . ^ ⌃�m

where ↵ and �i are conjunctions of literals and �i is a disjunction of literals.



Characterisation: main result (single agent)
Definition 1. A formula � on normal form is an unsuccessful lie i↵ there exists

sets S and T of disjuncts of � such that every ✓ 2 T has a conjunct ⇤�✓ such

that any normal form of

� = ¬� ^ ⌃� ^ �1 ^ �2 ^ �3

is clear, where

�1 =
^

✓2T

t(✓) ^
^

✓ 62T

¬t(✓) t(✓) = ✓↵ ^
^

⌃� in ✓

_

�2S

⌃(�↵ ^ �)

�2 =
^

�2S

�⇤⌃ ^
^

� 62S

¬�⇤⌃ �3 =
^

✓2T

_

�2S

⌃(�↵^ ⇠ �✓)

� is an unsuccessful lie i↵ any normal form of � is an unsuccessful lie.

� = ↵ ^⇤�1 ^ . . . ^⇤�n ^ ⌃�1 ^ . . . ^ ⌃�m



Characterisation: main result (single agent)
Definition 1. A formula � on normal form is an unsuccessful lie i↵ there exists

sets S and T of disjuncts of � such that every ✓ 2 T has a conjunct ⇤�✓ such

that any normal form of

� = ¬� ^ ⌃� ^ �1 ^ �2 ^ �3

is clear, where

�1 =
^

✓2T

t(✓) ^
^

✓ 62T

¬t(✓) t(✓) = ✓↵ ^
^

⌃� in ✓

_

�2S

⌃(�↵ ^ �)

�2 =
^

�2S

�⇤⌃ ^
^

� 62S

¬�⇤⌃ �3 =
^

✓2T

_
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� is an unsuccessful lie i↵ any normal form of � is an unsuccessful lie.

Theorem 1. A formula � is not a believable true lie if and only if it is an

unsuccessful lie.

� = ↵ ^⇤�1 ^ . . . ^⇤�n ^ ⌃�1 ^ . . . ^ ⌃�m
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Alternation example: false-true-false

� = (q _Bq) ^ ((p _ ¬Bq) ^ ¬Bp)

s : p,¬q
⌅⌅ oo //
OO
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¬p, q
⌅⌅

p, q
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99
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M, s |= B̂�

M |�, s |= B̂�

M, s |= ¬�

M |�, s |= �
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Alternation: open questions

• Do examples exist for every finite alternation sequence?

• If not, how to characterise realisable sequences?

• A stronger version: for which sequences is there a formula that can realise it 
on any model?
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Untruthful announcements by an agent a inside the 
system
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by removing links 
going into states 

where the 
announcement is 
false, for all other 
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Summary

• Motivation

• formalising true lies

• understanding certain monotonicity properties of public announcement 
logic

• Related to other Moorean phenomena

• Future work: 

• Characterisation: the multi-agent case

• Alternation questions

• Understanding relationships

• Lying games



Coming soon...


